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Abstract: 
 
L inear  dependence  re la t ions  a re  de r ived  fo r  
even order polynomial splines defined over the points 
midway between a uniformly spaced set of knots. The 
leading term of the truncation error is determined and 
i s  i l lus t ra ted  by  an  example .  
 
 1.  Introduction 
 
T h e  l i n e a r  d e p e n d e n c e  r e l a t i o n s  f o r  o d d  o r d e r  p o l y n o mi a l  
s p l i n e s  h a v e  b e e n  s t u d i e d  f o r  s ma l l  o r d e r s  b y  a  v a r i e t y  o f  w o r k e r s ,  
h o w e v e r  t h e  g e n e r a l  r e l a t i o n s  f o r  o d d  p o l y n o mi a l  s p l i n e s  o n  a  
u n i f o r m  p a r t i t i o n  w e r e  o b t a i n e d  b y  F y f e  i n  [ 6 ]  a n d  S w a r t z  [ 1 1 ] .  
T h e  l o c a l  t r u n c a t i o n  e r r o r  o f  t h e  o d d  o r d e r  p o l y n o mi a l  s p l i n e s  
d e f i n e d  i n  t h i s  w a y  h a s  b e e n  a n a l y s e d  b y  S w a r t z  [ 1 1 ]  a n d  
A l b a s i n y  a n d  H o s k i n s  [ 3 ] .  L e s s  w o r k  h a s  b e e n  d o n e  w i t h  e v e n  o r d e r  
po lynomia l  sp l ines  de f ined  over  po in t s  midway be tween  the kno ts  o f  
a  un i form par t i t ion  as  in  [8]  and  [9] .  Subbot in  [10]  has  demonst ra ted  
t h e  e x i s t e n c e  o f  s u c h  e v e n  d e g r e e  s p l i n e s  w i t h  c e r t a i n  b o u n d a r y  
c o n d i t i o n s  a n d  n o w  t h e  l i n e a r  d e p e n d e n c e  r e l a t i o n s  a n d  t h e  l o c a l  
t r u n c a t i o n  e r r o r  w i l l  b e  d e s c r i b e d  [7 ] .  
 
2. Linear Dependence Relations 
L e t  s ( x )  b e  a  s p l i n e  o f  d e g r e e  N  i n t e r p o l a t i n g  t o  t h e  
f u n c t i o n  f ( x )  o n   a n d  d e f i n e d  o v e r  p o i n t s  m i d w a y  ]nx,0x[
b e t w e e n  t h e  k n o t s  o f  a  u n i f o r m  p a r t i t i o n ,  t h e n  s ( x )  s a t i s f i e s  
t h e  f o l l o w i n g  c o n d i t i o n s :  
 
(a)  s(x)  is  a  polynomial  of  degree a t  most  N in  each interval  
, k = 1, 2, ..., n-1, and in  the  intervals  ]2/hkx,2/hkx[ − +
n/)0xnx(h,]nx,2/hnx[],2/h0x,0x[ = −−+  and ,kh0xkx +=  
n ..., 2, 1, 0, k =  
2 
 
(b) using the notation )kx(sks ≡  and kfks),kx(fkf =≡ , 
 n ..., 2, 1, 0, k =
and 
]nx,0x[
1NCc)x(s)c( −  . 
A l t h o u g h  N  e v e n  i s  t h e  c a s e  o f  i n t e r e s t ,  a l l  t h e  f o r m u l a e  b e l o w  
a l s o  h o l d  f o r  o d d  N .  I t  i s  c o n v e n i e n t  s u b s e q u e n t l y  t o  r e f e r  t o  
s u c h  a  s p l i n e  a s  a  mi d p o i n t  i n t e r p o l a t i n g  p o l y n o mi a l  ( m. i . p . )  s p l i n e .  
The l inear  dependence re la t ions  sat isf ied by an m.i .p .  spl ine are  
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where 
 
)2/1i()p( 1NQ)!pN(
p)1()p( N,2/1iC ++−−=+  
 
and   i s  t h e  p t h  d e r i v a t i v e  w i t h  r e s p e c t  t o  x  o f  t h e  )x()p( 1NQ +
B-spline 
 
   Nx1N
!N
1)x(1NQ ++∇=+  
 
d e f i n e d  o n  t h e  i n t e g e r  k n o t s .  P r o o f  o f  t h e  r e s u l t  ( 1 )  i s  e x a c t l y  
ana logous  t o  t ha t  f ound  i n  Losca l zo  and  Ta lbo t  [ 6 ] ,  Swar t z  [ 11 ] ,  
Fy fe  [5 ]  and  i s  g iven  i n  de t a i l  i n  Meek  [7 ] .  
 
S e v e r a l  v a l u e s  o f  t h e  c o e f f i c i e n t s  )p( N,2/1iC +  a r e  g i v e n  in 
table 1. 
  
 
Table 1 
The coefficients ,  i = 0,1, … ,  N;  p = 0, ., …,  N )p( N,2/1iC +
 
For  example ,  a  four th  degree  m. i .p .  sp l ine  sa t i s f ies  the  re la t ion  
(p=2 in  table  1 . )  
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Various properties of the coefficients )p( NiC ,21+  follow 
immediately from their definition in terms of B-spline [4]. 
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A genera t ing  func t ion  fo r  these  coef f i c ien t s  i s  known [7]  and  i s  
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p = 0,1,2, … , N . 
3. Leading term of the Truncation Error
The leading term of the truncation error may be found in the 
following manner. 
Define the coeff ic ients N,4a,N,2a,1N,0a =  . . .   by 
the  equa t ion  
   )...2xN,2aN,0a(
1Nxx1Nsinh +++=+  
and for  t = 0, 1, 2, ...  let 
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with the indeterminate 00 taken to be unity. Then it follows that 
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and in addition if q = [(N-p+2)/2] then 
and  
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with  a Bernoul l i  number  [1] .  q2B
The proof  is  given from equat ion (3)  by rewri t ing i t  as  f i rs t  
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then by using equation (2) 
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Now subs t i tu t ion  o f  and  per fo rming  the  d i f fe ren t i a t ion  x2ez =
N-p  t imes  g ives  
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C l e a r l y  t h e  p r o p e r t i e s  ( 4 )  a r e  t r u e  a n d  w i t h o u t  l o s s  o f  g e n e r a l i t y  
now let t = p + 2m, m = 0, 1, 2, ...  and a 
N,m2em22
1)p(
N,m2pE =+  
and  equat ions  (5)  fo l low.  
T h e  l o c a l  t r u n c a t i o n  e r r o r  f o r  m. i . p .  s p l i n e s  i s  o b t a i n e d  
i n  a  ma n n e r  s i mi l a r  t o  [3 ] ,  i s  g i v e n  i n  d e t a i l  i n  [7 ] ,  a n d  
br ie f  summary  now fo l lows .  
Since the m.i .p .  spl ine sat isf ies  equat ion (1) ,  the  appropri-
a te  equat ion giving the t runcat ion error   i s  2/Nk,N,pe +
∑= ∑= ++++−
−
=++
N
0i
N
0i 2/Nk,N,p
eikf
)p(
N,2/1iC!)pN(
pNh)p(
ikf
)0(
N,2/1iC!N
Nh . (6) 
The  l e f t -hand  s ide  o f  equa t ion  (6 ) ,  expanded  abou t  the  midpo in t  o f  the  
i n t e r v a l   b y  T a y l o r ' s  t h e o r e m ,  i s  ]Nkx,kx[ +
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and  i t  i s  easy  to  see  tha t  j  >  q  fo r  a l l  p  >  1  and  when  
p = l  a n d  N  i s  e v e n .  I f  p = l  a n d  N  i s  o d d ,  t h e n  j = q  a n d  t h e  t r u n c a -
tion error is given by 
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For  example ,  i f  f (x )  has  su f f i c ien t ly  many  con t inuous  
derivatives, 
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